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Abstract: In this paper, we investigate the newborn strange quark stars with constant entropy.
We also use the MIT bag model to calculate the thermodynamic properties in two cases; the
density-dependent bag constant and the fixed bag constant (B = 90 MeV ). We show that the
equation of state becomes stiffer by using the density-dependent bag constant and by increasing
the entropy. Furthermore, we show that the adiabatic index of the system reaches to 4
3
at high
densities. Later, we calculate the structure of a strange quark star using the equation of state
and the general relativistic equations of hydrostatic equilibrium, the Tolman-Oppenheimer-Volkoff
(TOV) equations. We show that the gravitational mass of the star decreases by increasing the
entropy and the maximum gravitational mass is larger when we use the density-dependent bag
constant at fixed central energy density. It is shown that the mass-radius relation for this system
obeys M ∝ R3 for different cases of the calculations. Finally, we show that for a given stellar mass
considering the fixed bag constant, the maximum gravitational redshift of a strange quark star
occurs at larger values of entropy.
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1. Introduction
Compact stars are created at the end of the life of
massive stars. Study of compact objects has always been
an important subject in physics and astrophysics since
strong conditions such as high densities and tempera-
tures in the core of these objects can be investigated.
Study of compact objects was started with the discov-
ery of white dwarfs and the investigation of their ther-
modynamic properties using Fermi-Dirac statistics [1–3].
Strange quark stars (SQS) are examples of compact ob-
jects, the possibility of their formation was raised by Iva-
nenko and Kurdgelaidze in 1965 [4, 5]. Witten in 1989,
suggested that the base state of hadrons could be strange
matter [6].
When nuclear matter is at high enough density (more
than 1015 g/cm3) in the core of the star, the nucleons
overlap and it is expected that nucleons convert into
quarks under a phase transition [7–9] when the nuclear
matter changes to the quark matter. So, there are two
possible cases for these stars: a compact object which
completely consists of quarks (a pure SQS) or a neutron
star with a core consisting of quark matter (a hybrid
star); Itoh calculated the maximum gravitational mass
of the SQS in 1970 [10], he ignored the weak interaction
of quarks in his calculations. In 1976, after presentation
of the MIT bag model, Brecher and Caporaso calculated
the maximum gravitational mass of the hybrid star [11].
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A pure SQS which is made of strange quark matter
(SQM) that includes three flavors of quarks (up, down
and strange), is more stable than nuclear matter, and
its gravitational mass is proportional to the third power
of radius (M ∝ R3). The maximum gravitational mass
is almost twice the mass of the sun and has a radius
of about 10−12 km [12]. The electric field of an SQS is
about 1018−1019 V/cm, and it has a strong magnetic field
about 1015−1019 G [13–15]. The objects, RX-J185635-
3754 (M = 1.7M⊙ and R = 11 km) and 3C58 are candi-
dates for SQS [16].
As we know, in the core of massive stars nuclear pro-
cesses continue in such a way that the final element
is 56Fe. At this point, the degenerate pressure is not
enough to keep the star from gravitational collapse, and
the star’s life comes to an end. During the collapse, it
is expected that a thin shell of the star is driven out by
transition of neutrinos and electromagnetic waves while
the central compact core makes a compact object. In the
stage of collapsing, neutrinos are trapped so the collapse
is adiabatic. In other words, the newborn quark star is
opaque in the emission of neutrinos with constant en-
tropy [17]. Investigation of the protoneutron star matter
has been reported in 2002 [18]. Before that Bethe et al.
had calculated the equation of state in the gravitational
collapse of stars [19]. Also, Fischer et.al. have studied
core-collapse supenovae explosions triggered by a quark-
hadron phase transition [20]. Also, the new-born quark
stars have been investigated using NJL model by Sadin
and Blaschke [21]. The temperature evaluation of the
new-born compact stars have been studied by Wong and
Chu [22]. In another paper Dexheimer et.al. have cal-
culated the properties and structure of the proto-quark
stars using both NJL model and MIT bag model [23].
2We have published different papers regarding strange
quark stars where the structural properties of the SQS at
zero and finite temperatures have been computed. These
include the structure of an SQS using the MIT bag model
with the fixed and the density-dependent bag constant in
the presence and the absence of magnetic fields [24–28].
We have also computed the maximum gravitational mass
and other structural properties of a neutron star with a
quark core at zero temperature and finite temperatures
[29, 30]. Also, we have studied the effect of dynamical
quark mass in the calculation of SQS structure using MIT
bag model and NJL model at zero temperature [31].
In this paper, we investigate the thermodynamic prop-
erties and the structure of a proto-strange quark star.
In section II, we calculate the thermodynamic proper-
ties of SQM using MIT bag model with the constant
entropy for different densities. Also, we investigate the
behavior of quarks at high densities. In section III, we
compute the maximum gravitational mass and radius of
the proto-SQS using the equation of state (EOS) and the
Tolman-Oppenheimer-Volkoff (TOV) equations. Also we
calculate the gravitational redshift of the SQS in the last
section.
2. Calculation of the thermodynamic properties
of SQM with constant entropy
We calculate the thermodynamic parameters of an adi-
abatic system such as the chemical potential, total en-
ergy, and the equation of state (EOS) with the variable
temperature.
First, we calculate the temperature and chemical po-
tential when entropy is constant. Then we calculate the
total energy of the system to find the EOS. Also, we use
the EOS to calculate the adiabatic index of the system.
In this paper, we consider the pure SQS containing up,
down and strange quarks. In our calculations, the masses
of strange quark is considered to be 150MeV/c2, while
the mass of up and down quarks are ignored.
2.1. Temperature and chemical potential
We use the density and entropy equations of Fermions
to calculate the temperature and the chemical potential.
Fermi-Dirac distribution function is,
fi(p) =
1
eβ(ǫi(p)−µi) + 1
, (1)
where µi is the chemical potential of quark i, β is equal
to 1/(kBT ) with kB as the Boltzmann constant. Also ǫ
is the energy of the single-particle,
ǫ = (~2k2c2 +m2c4)1/2 −mc2. (2)
The number density of quark i is,
ni =
Ni
Vi
=
6
(2π)3
∫ ∞
0
f(ni, ki, T )d
3ki, (3)
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FIG. 1: Temperature versus baryonic density in different en-
tropies.
where d3ki = 4πk
2dk and i = u, d, s. Also the baryonic
density is defined in the following form,
nB =
1
3
(nu + nd + ns). (4)
The entropy per baryon for each type of quark i is given
by,
si = −
3
nBπ3
∫∞
0
k2(f(ni, ki, T ) ln f(ni, ki, T ) (5)
+((1− f(ni, ki, T )) ln (1− f(ni, ki, T )))dk,
and the total entropy per baryon of SQM is,
Stot = su + sd + ss. (6)
We have shown the variation of temperature versus
density for different entropies in Fig. 1 where it can
be seen that the temperature increases by increasing en-
tropy. When entropy is fixed, temperature increases as
a function of density. The chemical potential of quarks
versus density has been plotted in Fig. 2. Since, the
chemical potential of down and strange quarks are equal
[4], the plot for down quark is not shown. It can be seen
that for a fixed density, the chemical potential decreases
by increasing entropy. Also, the chemical potential is a
rising function of density whenever entropy is fixed.
2.2. Energy of SQM
We use the MIT bag model to calculate the total en-
ergy of SQM. The MIT bag model is a model describing
quarks bounded in the hadrons. In this model, quarks are
considered like a gas in a bag with pressure of Bbag. The
total energy of SQM (ǫtot) is the kinetic energy of quarks
plus the bag constant. We consider two cases for the bag
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FIG. 2: The chemical potential of up and strange quarks ver-
sus density in different entropies. Thin curves (thick curves)
have been used for up quarks (strange quarks).
constant: A) fixed bag constant equal to 90 MeV/fm3
and B) and density-dependent bag constant which is de-
fined by a Gaussian equation using the experimental data
of CERN [17, 25, 32],
Bn = B∞ + (B0 +B∞)e
−β( n
n0
)2
, (7)
where β is the numerical parameter equal to the density
of normal nuclear matter (n0 = 0.17), and B0 = B(n =
0) is equal to 400 MeV/fm3. Also, the value of the pa-
rameter B∞ depends only on the value of the parameter
B0 and is obtained by the LOCV cluster expansion. We
found that B∞ is 8.99MeV/fm
3 where the energy den-
sity of quark matter is equal to that of the nuclear matter
[28].
The total energy of SQM using the MIT bag model is
defined as follows,
ǫtot = εtot +Bbag. (8)
The kinetic energy density εi is,
εi =
3
π2
∫ ∞
0
ǫ(ki)f(ni, ki, T )k
2
i dki, (9)
and the total kinetic energy of SQM is,
εtot = εu + εd + εs. (10)
In Fig. 3, the energy density of SQM, by considering fixed
bag constant (B = 90MeV/fm3) and density-dependent
bag constant in different entropies has been plotted. It
can be seen that in both cases (B = 90MeV/fm3 and
density-dependent bag constant), the energy density in-
creases by increasing density in the fixed entropy case.
Also, it is shown that in the fixed density case, the en-
ergy density increases by increasing entropy. This be-
havior is due to the increase in temperature and chemi-
cal potential of SQM. By considering B = 90MeV/fm3,
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FIG. 3: The energy density versus density of system in dif-
ferent entropies using B = 90MeV/fm3 (thin curves) and
density-dependent bag constant (thick curves).
the energy density curve is almost linear but by con-
sidering the density-dependent bag constant, the curve
has a minimum point of energy density at the density of
0.4fm−3. The minimum in energy density is a sign of
a stable state. Furthermore, it can be seen that when
we use the density-dependent bag constant, the energy is
larger than the case when we use the fixed bag constant.
2.3. The equation of state
The equation of state is given by the following relation,
P = n
dǫtot
dn
− ǫtot, (11)
where n is the density and ǫtot is the total energy density.
We have calculated the EOS of the system using the Eqs.
8 and 11.
Fig. 4 shows pressure of the system versus density in
different entropies using fixed bag constant and density-
dependent bag constant. In both cases, the pressure in-
creases as a function of density. Also, we see that the
pressure increases by increasing the entropy at each value
of the given density for the case of B = 90MeV/fm3,
while for case of density-dependent bag constant, this
behavior is seen after a particular value of density. As it
is shown in Fig. 4, in the case of B = 90MeV/fm3, for
densities greater than 0.8fm−3, the equation of state is
softer than the case of density-dependent bag constant.
These behaviors are due to the change of bag constant
versus the density in the case of density dependent bag
constant (Eq. 7). Also, it is clear that each pressure
curve for B = 90MeV/fm3 is almost a linear function of
density while for density-dependent bag constant this is
not correct. The results for the case of density-dependent
4bag constant is more similar to that we expected for the
fermions.
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FIG. 4: The pressure versus the energy density in different
entropies using B = 90MeV/fm3 (thin curves) and density-
dependent bag constant (thick curves).
2.4. Calculation of the adiabatic index using the
polytropic behavior
The polytropic behavior of a system is one of the im-
portant topics in thermodynamics governed by an equa-
tion of the form,
P ∝ nγ , (12)
where P is pressure, n is density, and γ is the poly-
tropic factor. For adiabatic systems, γ is the adiabatic
constant. The adiabatic constant is the parameter which
shows the stiffness of system and is defined as a function
of density,
γ =
dln(P )
dln(n)
. (13)
The logarithmic variations of pressure versus den-
sity has been plotted in Fig. 5 for both cases, B =
90MeV/fm3 and density-dependent bag constant with
different entropies. It is seen that in both cases, the
curves are rising. Also, at fixed density, the logarithmic
variations of pressure increases by increasing entropy, fur-
thermore, at lower densities, the gradient of the graph
is steeper. The logarithmic variations of pressure using
the density-dependent bag constant is larger at densities
higher than 0.8fm−3.
We have plotted the adiabatic index as a function
of density in Fig. 6 with different entropies for both
B = 90MeV/fm3 and density-dependent bag constant.
It is clear that the adiabatic index decreases to 43 by in-
creasing density in both cases of bag constants. Since by
increasing the density, interaction of quarks decrease, it
is excepted that the system behaves as a free Fermi gas
at high densities so the adiabatic index reaches 43 . It is
also seen that the adiabatic index decreases by increasing
the entropy at a given density, since the equation of state
becomes stiffer as the entropy increases. This behavior
occurs in both cases considered for bag constant.
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FIG. 5: The logarithmic variations of pressure versus density
in different entropies using B = 90MeV/fm3 (thin curves)
and density-dependent bag constant (thick curves).
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FIG. 6: The adiabatic index versus density in different en-
tropies using B = 90MeV/fm3 (thin curves) and density-
dependent bag constant (thick curves).
3. The structure of the proto-strange quark star
Quark stars are relativistic objects, so we should use
general relativity to calculate their structure. To inves-
tigate the structure of the SQS one needs to calculate
the mass and radius of the star. The mass- radius rela-
tion can be obtained using Tolman-Oppenheimer-Volkoff
(TOV) equations,
dP
dr
= −
G
[
ε(r) + P (r)c2
] [
m(r) + 4πr
3P (r)
c2
]
r2
[
1− 2Gm(r)rc2
] , (14)
510 20 30 40
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
M
/M
su
n
Central Energy Density (1014 g cm-3)
 s=1.5kB
 s=2kB
 s=2.5kB
FIG. 7: The gravitational mass versus central energy density
in different entropies using B = 90MeV/fm3 (thin curves)
and density-dependent bag constant (thick curves).
dm
dr
= 4πr2ε(r). (15)
Using the equation of state obtained in the previous
section and the boundary conditions (P (r = 0) = Pc,
P (r = R) = 0, m(r = 0) = 0 and m(r = R) = Mmax) we
integrate the TOV equations to compute the structure
of the SQS [33, 34]. Mmax is the maximum gravitational
mass of the star and the corresponding radius (the radius
of the star) is shown as R. The maximum gravitational
mass is important because it shows the star’s stability
against becoming a black hole.
The changes in gravitational mass versus the central
energy density is shown in Fig. 7 for both cases of bag
constant in different entropies. It can be seen that the
gravitational mass increases as a function of the central
energy density until the maximum mass is reached. It is
also clear that in both cases considered for bag constat,
the maximum gravitational mass decreases by increasing
the entropy at a fixed central energy density. The maxi-
mum gravitational mass has a larger value when we have
used the density-dependent bag constant.
In Fig. 8, the radius of the SQS versus the central en-
ergy density has been plotted for both cases of bag con-
stant in different entropies. It is shown that the radius
increases by increasing the central energy density until it
reaches the maximum value of the radius. It is also shown
that for each given central energy density, the maximum
value of radius decreases by increasing the entropy. Fur-
thermore, the radius of the SQS has a larger value when
we consider the density-dependent bag constant.
In Fig. 9, the gravitational mass is also shown as a
function of the radius with the same conditions as of the
previous figures. It can be seen that the larger gravita-
tional mass for any fixed radius is related to the larger
entropy for each case of the bag constant, and values
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FIG. 8: The radius versus central energy density in different
entropies using B = 90MeV/fm3 (thin curves) and density-
dependent bag constant (thick curves).
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FIG. 9: The gravitational mass versus radius in different en-
tropies using B = 90MeV/fm3 (thin curves) and density-
dependent bag constant (thick curves).
of mass and radius are larger where we have used the
density-dependent bag constant. Also, in the case of fixed
entropy, the gravitational mass increases by increasing
the radius, but after reaching the maximum gravitational
mass the radius decreases. In fact according to our cal-
culations, the star is more stable for the case of density-
dependent bag constant. Increasing radius of SQS as a
function of the gravitational mass is different from that of
a neutron star. For the SQS, our structure results show
that the relation of mass-radius follows M ∝ R3 in each
considered case.
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FIG. 10: The gravitational redshift versus the gravitational
mass in different entropies using B = 90MeV/fm3 (thin
curves) and density-dependent bag constant (thick curves).
3.1. Gravitational redshift
The gravitational redshift Z of stars is defined by the
following relation,
Z = (1−
2M
Rc2
)−1/2 − 1. (16)
The gravitational redshift of SQS has been plotted in
Fig. 10 with the same conditions as those of the previous
figures. It is clear that the gravitational redshift increases
by increasing entropy. Also, the gravitational redshift
has a larger value by considering the density-dependent
bag constant. The maximum value of the gravitational
redshift for SQS, Z = 0.48, is related to a system with
the density-dependent bag constant with the entropy S =
2.5kB, and the minimum value, Z = 0.4, is related to the
fixed bag constant with the entropy S = 1.5kB.
4. Conclusions
In this paper, we have investigated thermodynamic
properties and structure of proto-strange quark star
(SQS) in which the neutrinos are trapped, and there-
fore the entropy is constant. In section II, we calcu-
lated the temperature and chemical potential of strange
quark matter (SQM) with fixed entropy. Next, we calcu-
lated the free energy of SQM in different entropy cases.
We have used the MIT bag model with two cases of
bag constants (fixed bag constant B = 90 MeV/fm3
and density-dependent bag constant). Using the free en-
ergy we have calculated the equation of state (EOS) of
the SQM. We showed that the EOS of the system be-
comes stiffer by considering the density-dependent bag
constant. Also we showd that the EOS is softer in the
lower entropies. Furthermore, we investigated the adia-
batic index of the SQM where we have shown that the
adiabatic index has reached 43 at high densities for both
cases of the bag constants. Actually the SQM behaves
like a free fermi gas at higher densities because the bag
constant decreases in comparison with the energy scale.
In section III, we used the EOS and TOV equations to
calculate the mass and radius of the SQS. we showed that
the maximum gravitational mass and the radius of SQS
decrease by increasing entropy. In general, we have found
that the larger values of entropy lead to the stiffer equa-
tion of state, the smaller adiabatic index, and the smaller
values of the maximum gravitational mass and radius for
the SQS at a given central energy density. Also, it has
been shown that the maximum gravitational mass and
radius of the SQS are larger when we use the density-
dependent bag constant. Furthermore, we plotted the
gravitational redshift versus the gravitational mass where
we have shown that the maximum gravitational redshift
occurs for S = 2.5kB considering the fixed bag constant.
Finally, an M ∝ R3 relation was found for the mass and
radius of SQS for all relevant calculations.
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